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We characterize the n-tuples (a 1, _, a, ) for which one can find ai lines in the ith direction in the 
n-cube, i= 1, ., n, so that all lines are disjoint. 
Let Q”= (0, l}” denote the n-dimensional hypercube; we shall refer to it simply as 
the n-cube. An i-line (or a line in the ith direction) in Q” is a pair of vertices of Q” which 
differ in the ith coordinate and agree in all other coordinates. We address the 
following question: Given n nonnegative integers a,, . . . . an, under what conditions 
can one find ai i-lines in Q’, for i = 1, , n, so that all lines are disjoint? When this is 
possible, we say that the n-tuple (a,, , a,) is implementable. 
An obvious necessary condition for implementability is 1 r= 1 aid 2”- ‘. To see that 
this condition is not sufficient, try to find two disjoint lines in the 2-cube, one in each 
direction. We shall treat first the case when I;= i Ui=2”-l. In this case, a system of 
lines as required would necessarily form a partition of Q”. 
Theorem 1. Suppose that n 3 2 and C I= 1 ai = 2”- ‘. A necessary and su$icient condition 
for (a,, . , a,,) to be implementable is that all ai, i= 1, . . . . n, be even. 
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Proof. To prove the necessity of the condition, consider a partition of Q” into lines 
consisting of ai i-lines for each i. Fix some i and consider the intersections of the lines 
in the partition with the half-cube 
Hb={x=(x,, . . ..x.&Q”: x,=0} 
Every line in any direction j#i is either contained in Hb or disjoint from it, and, thus, 
has an even intersection with Hi. Each of the Ui i-lines intersects Hb in one point. 
Since Hi has an even number of points, ai must be even. 
We prove the sufficiency of the condition by induction on n. The few possible even 
n-tuples for n = 2,3,4 can be checked directly to be implementable. Assume then that 
n35 and that (aI, . . . . a,) is given, with C r= 1 Ui = 2”- ’ and all ai even. Assume also, 
w.l.o.g., that a, <u2< ... <a,. We decompose the n-cube into three (n-2)-cubes 
Q,, Q2, Q3 and two (n-3)-cubes Q4, Qs as follows: 
Q1={x~Q”: x=(xl,O,l,xq ,..., x,)), 
Qz={xcQn: x=(1,x2,0,xq ,..., x,J}, 
Q3=(xeQn: x=(O,l,xj,xq ,..., x,)}, 
Q~={xEQ”: x=(O,O,O,xq ,..., x,)}, 
Q5={xcQn: x=(1,1,1,x,, . . . . x,J}. 
Thus, directions 1,2,3 appear only in Q 1, Qz, Q3, respectively, while directions 4, . . . , n 
appear in all five pieces. The idea is to split our tasks among the five pieces, i.e., to 
partition each Ui, i=4, . . . ,n, into even nonnegative integers a:, k= 1, . . . . 5, so that 
i=4, . . . . n, 
and 
C&s i uf=2”-3, k-1,2,3, 
i=4 
i$4u;=2n-4, k=4,5. 
If this splitting can be done, then we can rely on the induction hypothesis to 
implement the five lists of tasks in the respective five cubes Q1, . , Qs, thus obtaining 
an implementation of (a,, . . . , a,) in Q”. It remains to verify that such splitting is 
possible. Indeed, the only obstacle would be if uk > 2”- 3 for k = 1,2 or 3. But, since the 
ai are even and nondecreasing, this would imply that 
i$j Ui>(n-2)(2”-3+2)5 
which exceeds 2”-’ for na5. 0 
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We consider next the case when 1 r= 1 Ui < 2”-‘. Since for 1 YE 1 ai = 2”- 1 implemen- 
tability requires that all ai be even, one might expect that implementability would still 
imply some restrictions on the a, when their sum is close to 2”-‘. Not so, it turns out. 
Theorem 2. If C r= 1 a, < 2”- ’ then (al, . . . , a,,) is implementable. 
Proof. We proceed by induction on n. The few possible n-tuples for n = 1,2,3 can be 
checked directly to be implementable. Assume then that n 3 4 and that (a,, . . , a,) is 
given. Assume also, w.l.o.g., that a, <az< ... da, and EYE, ai=2nm1 - 1. 
We treat first some cases when a, is small. The method here will be to decompose 
the n-cube into two (n- 1)-cubes Hh and Hi, defined by x1 =0 and x1 = 1, respective- 
ly. Then we shall split our tasks in directions 2, . ,n among the two (n- 1)-cubes, 
implement them by the induction hypothesis, and still be able to find aI l-lines going 
across from Hh to Hi. 
Suppose first that a, =O. Then Cl= 2 ai = 2”- ’ - 1, and we partition each ai, 
i=2, ,n, into two nonnegative integers bi and ci, so that 
bi+ci=ai, i=2, . . . . n, 
i bi=2n-2, 
i=2 
and all bi are even. This can be done as long as there are less than 2”-2 odd numbers 
among a,, . , a,; for this it suffices that n - 1~ 2n-2, which holds true for n >/ 4. Now, 
we implement (b2, . . . . b,) in HA using Theorem 1 and (c2, . . . . c,) in Hi using the 
induction hypothesis, thus obtaining an implementation of (aI, . . , a,) in Q”. 
Suppose next that a, = 1. Then Cl=, ui= 2”- ’ -2, and we partition each Ui, 
i=2, ,.., n, into two nonnegative integers bi and cir so that 
bi+ci=Ui, i=2, . . . . n, 
i bi= i ~~=2”-~-1. 
i=2 i=2 
This can always be done. By the induction hypothesis, we can implement (b,, , b,) in 
HA and (c2, . , c,) in Hi, leaving two free vertices in each half-cube. We can arrange 
these implementations so that (k, 0, . ,O) remains free in Hi, k=O, 1 (indeed, an 
automorphism of the cube defined by switching the entries in a subset of the 
coordinates transforms one implementation into another). Then the pair 
(0, 0, , 0), (1, 0, . ,O) can serve as the required l-line, completing the implementation 
of (a,,...,~,). 
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Now, suppose that a, =2. Then Cl=, ai =2*-l - 3, and we partition each 
ai, i = 2, . . . , n, into two nonnegative integers bj and ci, so that 
bi+Ci=Ui, i=2, . . . . y1, 
i bi=2”-2- 1, 
i=2 
n 
and all bi but one are even. This can be done, by an argument similar to the one 
given above for a, =O. Say b2 is odd. We implement (b2 + 1, b3, . . . . b,) in HA using 
Theorem 1 and (c2 + 1, c3, . . , c,) in Hi using the induction hypothesis, arranging it 
so that (k,O, . . ..O) is on a 2-line in H :, k=O, 1. We then replace these two 24ines 
by two l-lines in Q” using the same vertices: (O,O, . . . . O),(l,O, . . . . 0) and 
(O,l,O, . . ..O).(l, l,O, ..., 0). Thus, we obtain an implementation of (a,, . . . . a,,). 
From now on, we assume that a, 3 3; therefore, either n= 5 and the 5-tuple is 
(3,3,3,3,3) or n 3 6. An implementation of the former is depicted in Fig. 1. We assume 
henceforth that IZ 3 6, and come to our main argument. For this argument, we use the 
decomposition of the n-cube into three (n-2)-cubes Q1, Q2, Q3 and two (n- 3)-cubes 
Q4, Q5 as in the proof of Theorem 1. We distinguish two possible cases according to 
the parity of u1,a2,a3. 
Suppose first that al, a2 and a3 are even. We partition each ai, i=4, . . . . n, into 
nonnegative integers a:, k= 1, . . . . 5, so that 
i=4 ,..., n, 
Fig. 1. An implementation of (3,3,3,3,3) in Q5. 
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and 
ak+ i af=2”-3, k=1,2,3, 
i=4 
j4 a4 = 2nm4, 
i a5=2n-4-l, 
i=4 
and a! are even for i=4, . . . . n, k=l,..., 4. For this to be feasible, we need that 
(i) a3 d 2”- 3, and (ii) there are less than 2”-4 odd numbers among a4, . . . , a,,. Indeed, 
(i) follows as in the proof of Theorem 1, and (ii) follows from n - 3 < 2n-4, which holds 
for n 3 6. Now, we can implement the respective lists of tasks in Q1 , Q2, Q3, Q4 (by 
Theorem 1) and Qs (by the induction hypothesis), thus obtaining an implementation 
of (ai , . . . . a,,) in Q”. 
Suppose next that at least one of a,, a2, a3 is odd. Say a, is odd (the argument for 
a2 or a3 odd is similar). We partition each ai, i= 4, . . , n, into nonnegative integers 
af, k= 1, . . . . 5, so that 
i=4, . . . . n, 
and 
al-l+ i a!=2”-3, 
i=4 
ak+ f aF=2”-3-l, k=2,3, 
i=4 
i$4 af=2”-4, k=4,5: 
and a: are even for i=4, . . . . n, k= 1,4,5. For this to be feasible, we need that 
(i) a3<2”-3- 1, and (ii) there are at most 2(2”-3 - 1) -(a2 + a3) odd numbers among 
a4, . . . , a,,. Indeed, (i) follows as above; for (ii) it suffices to show that 
n-3<2”-*-2-(a2+a3). 
If this is false, then a2 + a3 3 2”-* -n + 2, implying that 
n 
c ai3al + 
i=l 
~(a2+a3)33+~(2n-*_n+2), 
which exceeds 2”-’ for n36. Thus, a partition as above can be obtained. Now, we 
implement (a1 - l,ai, . . . . a:) in Q1 and (ak,, . . . . at) in Qk, k =4,5, using Theorem 1. 
Furthermore, we implement (uk, a:, . . ,a:) in Qk, k=2,3, using the induction hypo- 
thesis, and arranging it so that the points (1, 1, 0, . , 0) and (0, l,O, . . . ,O) remain free in 
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Q2 and Q3, respectively. These two points form the extra l-line required to complete 
an implementation of (ai, . . . , a,) in Q”. q 
Theorem 2 is a packing result for lines in the n-cube. It is natural to formulate 
a counterpart covering result. The latter is an easy consequence of the former. 
Corollary. Let a,, . . ..a. be integers satisfying 0dui62”-1, i= 1, ., n, and 
c;=, Ui>2”_‘. Th en one cun cover the vertices of Q” using ui i-lines, for i = 1, . . , n. 
Proof. We may assume that C YE 1 ai = 2”- 1 + 1. Then we may reduce two of the ai by 
1, rendering the sum 2”-’ - 1, implement the reduced n-tuple by Theorem 2, then 
cover the remaining two vertices with two lines in the reduced directions. 0 
We conclude with a discussion of possible generalizations of our results. One way to 
go would be to consider, instead of lines, planes and/or higher-dimensional objects. 
To be concrete, an ij-plane is a set of 4 vertices of Q” which agree in all coordinates 
except i, j. Given ( 2) nonnegative integers Uij summing to at most 2nm2, under what 
conditions can one find aij g-planes in Q”, for each pair ij, so that all planes are 
disjoint? It is not clear what the analogue of Theorem 1 should be (evenness of the 
uij is still necessary when n 2 3 and 1 Uij= 2n-2, but simple examples show that it is not 
sufficient). The analogue of Theorem 2 fails: it can be shown that if n = 6 and Uij= 1 for 
each of the 15 pairs ij, no implementation exists. 
Another type of generalization involves replacing the hypercube with 2 vertices on 
a line by one with k vertices on a line, for some integer k32. Thus, we consider 
Q;={O,l,..., k-l}“, and by an i-line we mean a set of k vertices of Qi which agree in 
all coordinates except i. Implementability of (aI, . . . , a,) is defined as in the case k = 2. If 
n32 and CUi=k”~‘, a necessary condition for implementability is that all ai be 
divisible by k. For k = 3, this condition can be shown to be sufficient too, with one 
exception: n = 3 and a1 = u2 = a3 = 3. For higher k, there seem to be more exceptions, 
but it is plausible that the condition becomes sufficient if n 2 N = N(k). If 1 ai< k”-I, 
there are low-dimensional examples where there is no implementation, but we do not 
know what happens in high dimensions. 
